This work aims to develop alternative classifications for teams in a Championship. Data from the 2005 Brazilian National Soccer Championship are analyzed. Rough Sets Theory (RST) is employed in this analysis. By evaluating the quality of the approximation in terms of probabilities of concordance and discordance between the classification by the set of decision attributes and by the set of condition attributes of a randomly chosen pair of objects as discernible or indiscernible, the modification of RST employed allows to consider antisymmetric and intransitive relations. The balance between the numbers of goals scored by the pairs of clubs in direct confrontations is one such relation.
Introduction
This work aims to develop a framework to generate alternative classifications for teams in a championship. A motivation for that is provided by the need to separate classes of clubs to more important tournaments or to relegation to lower leagues. A more reliable classification for that end is derived from combining the rank on points officially won in the pairwise confrontations throughout the championship with alternative ranks generated by taking into account other criteria of performance evaluation.
The alternative classification framework is developed in such a way as to allow for different attributes becoming more important each year, so that the selection procedure, though precisely defined, does not allow to anticipate which rules will be finally applied to select the clubs for promotion or relegation. This aspect is important to avoid that clubs early doomed to relegation become less motivated in their last matches. The declining motivation of some clubs may rouse an undesirable effect of the order of the matches on the final championship result.
Rough Sets Theory (RST) constitutes a theoretical basis suitable for the development of such a framework. As developed by Pawlak (1982) , RST provides the elements to uncover classification rules hidden in data sets containing information about distinct attributes of the objects being classified. These objects may be thought as options to choose among and their attributes may be preference evaluations according to different criteria.
The main instrument of rough sets analysis is the measurement of the similarity between the classification of the objects according to different sets of attributes, by one side the decision attributes and by another side the condition attributes. The decision attributes determine a partition to be approximated and the condition attributes determine approximations to it. Measuring the quality of approximation of the decision partition by different subsets of condition attributes one may identify which condition attributes are relevant to that decision classification, in such a way as to rank the condition attributes and eventually choose among them a small number to keep and discard the information about the others. After that, decision rules based on the relevant condition attributes may be extracted form the data set.
The classical measure of quality of approximation is the index γ of Pawlak, which estimates the probability of a randomly chosen object being unambiguously classified. In the computation of the index γ, an object is considered ambiguously classified if it is indiscernible according to the set of condition attributes from another object that the decision attributes place in a different class.
RST may be easily extended to deal with attributes that naturally determine order instead of equivalence relations. Such an extension has been made by Sant'Anna & Sant' Anna (2006) and, within the classical framework, by Greco et alii (1999) . In fact, complete order relations induce a partition in the universe of objects as well as equivalence relations.
Discernibility by a set of attributes tends to increase with the number of attributes in the set. Usually, there is only one decision attribute or a small number of decision attributes and there is a large number of condition attributes. In such context the applicability of RST is impaired by the fact that, if the measurement is accurate enough, boundaries tend to vanish and the index γ tends to 1.
Another aspect of the classical index of approximation is its asymmetry, favoring discernibility in the decision partition and indiscernibility by the condition attributes. Such asymmetry penalizes the rougher condition attributes and inhibits the reduction of the number of attributes. This may be overcome by disregarding the differences below some threshold, as in the variable-precision rough sets (Ziarkos, 1993) . The hybridization with fuzzy sets in the fuzzy-rough set models as, for instance, in Dubois (1990) or Greco et alii (2000) is another development to deal with this difficulty. Sant'Anna (2007) takes a different approach, measuring the quality of the approximation by the probability of a randomly chosen pair of objects being concordantly classified as discernible or indiscernible by the set of decision attributes and the set of condition attributes.
For the case of order relations this approach is here complemented with a new rule to combine the evaluations according to the different attributes. In the partitions determined by order relations, the problem of vanishing boundaries occurs again. Now, instead of indiscernibility it is dominance that becomes rare if the same ordering according to all the condition attributes is required. The new way to deal with this difficulty here proposed explores the possibility of ranking the condition attributes. The values of the indices of quality of approximation of each isolate attribute automatically provide one such ranking.
Dealing only with the relations between the objects determined by the attributes and not with the partitions determined in the universe of such objects, the approach developed in Sant'Anna (2007) allows for extending RST not only to asymmetric but also to intransitive relations. In the present application, two condition attributes evaluate offensive and defensive power of the teams along the championship, respectively, by the number of goals scored and the number of games in which the club was defeated. Scoring goals and not being defeated are the main objectives that a club tries to achieve in any match and conquer the championship should result from the efficiency on accomplishing that. A third condition, intransitive, is added to these two, taking as an attribute of each pair of clubs the result of their direct confrontation. By the presence of this attribute in the rules, every match may become important and the motivation of all clubs is kept high throughout the whole championship.
The next section contains a brief presentation of the basic concepts of rough sets, a description of the new approximation approach and a forward procedure to rank the attributes. Section 3 presents the championship data and the results of the rough set analysis, showing the effect of the level of the granulation applied to the decision classification on the indices of quality of approximation. Final comments are presented in Section 4.
Rough Sets Approximations
Formally, any classification is characterized by a quadruple (U, Q, V, f), where U is a nonempty set, the universe of the objects evaluated, Q is a set of attributes of the objects in U, each attribute q∈Q being able to receive evaluations in a set V q so that V is the union of the V q and, finally, f is an application of the Cartesian product of U and Q in V such that, for each o∈U and q∈Q, f(o, q) ∈V q .
To each P ⊆ Q, non-empty, is associated a relation of indiscernibility in U, denoted I P , and a partition O P , formed by the I P equivalence classes, the sets of objects identically evaluated by all the attributes in P. If (o 1 ,o 2 )∈I P , we say that o 1 and o 2 are P-indiscernible. The equivalence class in O P containing object o 1 is denoted I P (o 1 ) and is called a P-elementary set.
The set Q of attributes is divided into two parts, the set D, of decision attributes, responsible for the classification that must be explained using the attributes of the complementary set C = Q-D, called condition attributes. The measurement of the quality of the approximation of the partition O D by the partition O C is a key tool of RST. This concept is originally measured by the index of quality of approximation γ of Pawlak (1982) .
The index γ is based on evaluating the approximation to each decision class. It counts the proportion of objects indiscernible according to C that belong to distinct classes according to D. It does not take into account the probability of objects discernible according to C being indiscernible according to D. Variants have been proposed for this index, always preserving this point of view (Gediga & Düntsch, 2003) .
The asymmetry in the definition of γ, makes this index assume its maximum anytime all options are discernible by the set of the condition attributes, independent of which is the partition determined by the decision attributes. Sant'Anna (2007) proposes an index of the quality of approximation based on determining the proportion of cases of simultaneous discernibility or indiscernibility according to D and C. More precisely, this index gauges the quality of approximation dividing by the total number of pairs of objects in the universe U the sum of the number of pairs of indiscernible objects according to C that belong to the same class according to D and the number of pairs discernible according to C that belong to distinct classes according to D. Depending only on the knowledge of the results of pairwise comparisons, this computation may be done for intransitive relations, which occur in many real-world instances. Other advantages of depending only on pairwise comparison are found, in diverse contexts, by Saaty (1980) and Lootsma (1999) , for instance.
The value of this index may be reduced by the possible presence of pairs of objects incomparable to each other, which are counted in the denominator. A variant whose symmetry is not affected by incomparability passing unnoticed is proposed here. This new index is given by the difference between the proportions of concordant and discordant pairs. More precisely, it is determined dividing by the total number of pairs of objects in the universe U the difference between the sum of the number of pairs of indiscernible objects according to C that belong to the same class according to D and the number of pairs discernible according to C that belong to distinct classes according to D and the sum of the number of pairs of indiscernible objects according to C that belong to distinct classes according to D and the number of pairs discernible according to C that belong to the same class according to D.
This index may be thought in statistical terms as an estimator of the correlation coefficient between random variables summarizing the discernibility by decision and condition attributes. For each set P ⊆ Q, discernibility may be represented by a function G P defined in This index will be denoted by ρ. It is an estimator of the correlation coefficient and of the covariance between G D and G C if these random variables are assumed to have a null expected value and maximal variance. These last assumptions, if not satisfied, will reduce the value of the index for condition attributes with high rates of discernibility or indiscernibility that would artificially increase the correlation coefficient.
The case of dominance
Greco et alii (1999) adapted Rough Sets Theory to take into account partitions determined by order relations. The attributes are then preference criteria, in such a way that the set of decision attributes and the set of condition attributes determine each an antisymmetric relation, i. e., a dominance relation such that, given two objects o 1 In the same way, the index ρ above defined may be extended to order relations. The quality of approximation of the set of decision criteria D by the set of condition criteria C will then be evaluated dividing, by the total number of pairs of different objects of the universe of objects U, the difference between the number of pairs with strict dominance in the same direction according to C and D and the number of pairs with strict dominance in opposite directions according to C and D.
This definition may still be formulated in terms of graph theory. The sets of criteria D and C determine two oriented graphs, with directed edges if there is strict dominance and simple edges if there is indiscernibility. Depending on the definition of dominance, there may be the case of objects not comparable, represented by unconnected nodes. The quality of approximation index is determined dividing by the total number of pairs the difference between the number of pairs of different objects with links directed in the same direction according to both sets of criteria and with links directed in opposite directions.
Joint Dominance
In classical RST, for a pair of objects (o 1 ,o 2 ) be discernible according to a set of attributes P, it is enough that, for some p∈P, f(o 1 ,p) ≠ f(o 2 , p). As the number of attributes grows, it becomes difficult to find indiscernible pairs. This suggests replacing the requirement of unanimity by majority. Extending the RST approach to the case of order relations, Greco et alii (1999) require, for an object o 1 strictly dominate another object o 2 according to a set of attributes P, the existence of at least one attribute p∈P for which o 1 strictly dominates o 2 according to p and the absence of attributes in P for which o 2 strictly dominates o 1 . With this definition, it is strict dominance that becomes difficult to establish as the number of attributes in P grows. Analogously to the discernibility case, a majority relaxation would require that, for the strict dominance of o 2 by o 1 , the number of attributes in P for which o 2 dominates o 1 be strictly smaller than the number of attributes for which o 1 dominates o 2 . If these numbers are equal than the objects will be indiscernible.
This advantage of the majority rule over the unanimity rule may not be enough because both these definitions raise the possibility of intransitivity cases, with o 1 
A Forward Reduction Procedure
A procedure to compute the index of quality of approximation for all subsets of condition attributes would have an exponential complexity. To avoid that, a fast forward procedure to select a minimal set of condition attributes approaching a given set of decision attributes D and, simultaneously, rank their attributes was developed in Sant'Anna (2007). It has the following steps.
1. Start ranking the unitary sets of condition attributes according to its individual quality of approximation. Select first and make definitively enter the set of chosen condition attributes that condition attribute A 1 with the highest value of the index of quality of approximation.
2. Rank the pairs of attributes (A 1 ,A j ) with j ≠ 1 according to the value of that index.
Exclude from the set of attributes those A j whose addition to A 1 does not increase the value of the index. Exclude from the set of attributes any attribute forming a triple with a value of the index smaller or equal to that of the starting pair. 5. Proceed to the quadruples that include the triple with the highest values of the index among those ranked in the previous step. 6. Proceed increasing the size of the set in the same way until there are no more attributes to be added.
To speed up convergence, the exclusion steps may withdraw more attributes from the set of condition attributes. For instance, may be excluded all those attributes that do not increase the value of the index more than a given δ larger than zero, instead of only those that do not raise it at all.
These rules suppose absence of ties in the values of the index of quality of approximation. If ties are observed, then all untying alternatives should be compared. It may be useful to explore every set of attributes thus generated and to investigate the differences eventually appearing in the final classifications.
Inner and Outer Classes
These new definitions do not depend on the concepts of lower and upper approximations and of boundaries of the rough sets. But they can be used to determine such approximations. The lower approximation of a decision class is formed by those objects in it that are indiscernible also according to the condition attributes of those not in it. The upper approximation is formed by those objects not indiscernible according to the condition attributes of some object in the decision class.
Inside the lower approximations we may still identify smaller classes, that will be here called inner classes, maximal sets of objects indiscernible from any object within the set according to both condition and decision attributes. If we deal with antisymmetric relations we may have objects that strictly dominate another according to the condition attributes and are indiscernible according to the decision attributes or vice-versa. Thus, an inner class within a decision class may strictly dominate another according to the condition attributes.
By the other side, in the case of intransitive relations we may have two levels of outer classes, the first determined by considering in the boundary only those objects that are indiscernible of the objects inside the decision class. These first classes may be involved by classes of another kind, including those objects not necessarily indiscernible themselves of any object inside the decision class, but indiscernible of objects of the first involving class, i. e., of objects that are indiscernible of objects inside the decision class.
Analysis of the Classification in the Soccer Championship
In this section, the quality of approximation evaluation and attributes ranking procedure above described are applied to analyze a case of dominance relations involving an intransitive attribute. The objective of the analysis, is employing attributes that determine the performance of the teams in terms of general attack and defense performance and of particular behavior in direct confrontations, explain the final ranking of the clubs that entered a soccer championship, in such a way as to provide alternative final classifications. The offensive power is naturally measured by the number of goals scored. The defensive skill is more difficult to access. To take a symmetric point of view, we might consider with a negative sign the number of goals suffered, but a favorable balance of offensive and defensive power may lead to large numbers of goals pro and against the team. The strength of the defense is forged to assure that the team will not be beaten when the offensive power is not enough. Thus the ability of avoiding defeats is a more natural way to access it than the number of goals suffered. For this reason, maybe, the typical club fan leaves the stadium proud of goals scored and not caring about goals taken if the final result is not a defeat.
The Data Set
If there were proportionality between the vectors of wins and ties or if one of these vectors were constant, there would be precise correlation between the number of games lost and the number of points. However this is not the case. It will be seen in the following that to explain the final ranking the number of games lost leaves considerable space to be filled by the other variables in the model proposed. Direct confrontation appears as a complement for these two factors by bringing into consideration the aspects of the two teams structure that affect each game particularly. Table 2 presents the results of direct confrontation. The value 1 means that the team with the acronym heading the column has scored more goals than that with the acronym in the beginning of the row in the two games between these clubs. Zero means same number of goals scored. And -1 means that the team in the row has scored more than the opponent in the two games of their direct confrontation. 
Application of the Selection Procedure
Granulation is a key concept in rough sets theory. The accuracy in the measurements and the consequent level of distinction between the objects determine the roughness in the sets and the quality of the approximation. Three different granulations are explored for the clubs classification. Initially, the decision variable is the exact number of points of the club in the championship final standings. This results in a thin granulation that puts more than a half of the clubs in unitary sets, resulting in a total of 17 classes.
More complex situations occur when, requiring an empty space of one point to separate decision classes, the six clubs with 58 to 61 points are considered tied in one decision class, the four clubs with 55 and 56 points in another decision and the three clubs with 51 to 53 points in a third. The final result of this granulation is a set of 11 decision classes.
An even thicker granulation is considered, derived from the requirement of an empty space of two points to separate decision classes. With this requirement, all clubs with 49 to 61 points are in the same class. And, above these, Palmeiras and Fluminense, the fourth and fifth classified, are also put together. The final result of this granulation is a set of only 7 decision classes.
According to number of games lost and number of goals scored, two granulations are employed. First the exact observed values are employed. A second granulation is employed with the clubs divided into six thicker classes according to each attribute. According to goals scored, these classes are separated by spaces of at least two goals. The six classes generated are of 87 goals, 72 to 81 goals, 63 to 68 goals, 54 to 59 goals, 51 goals and 47 goals. According to games lost the classes are of 9, 12, 15, 18, 21 or 24 losses, plus or minus 1. Table 3 presents the values of the indices γ and ρ for the decision classification of the three condition attributes isolated, each line corresponding to a different combination of granulations for the two kinds of attributes. In the successive pairs of rows corresponding to the same number of classes in the decision partition, the different granulations of the condition attributes are determined, above, by their exact observed values and, below, by their representations in six classes. For the last attribute, only the observed values were considered. For this attribute, the index γ cannot be determined. The computation of the index γ employed 4emka (2000). The values of the index ρ in Table 3 , being all positive, show that the three condition attributes are positively correlated to the decision attribute. They also confirm that the number of games lost is the condition criterion to be ranked first and to start with in the forward selection procedure. The second largest quality of approximation according to this index is the number of goals scored. Direct confrontation presents the lowest value of ρ.
The value of the index ρ is slightly reduced, in the case of goals scored, by the reduction in the accuracy of measurement of the condition attributes to six classes. For the other two condition attributes it presents very close values in the two cases. It is almost the same for every condition criterion as we pass from 17 to 11 decision classes and only falls a little more sharply as the indiscernibility in the decision classification increases with the reduction of the number of decision classes from 11 to 7. This suggests that this last aggregation to reduce the number of decision classes may be excessive.
The index γ is not affected by the granulation, except for the number of games lost, when the number of classes in the decision partition is reduced to 7. In this case, it jumps from 0.04 or 0.14 to 0.64 and 0.73, respectively. For the other decision classes, its values are always close to its minimum possible value of zero, with the evaluation of the number of games lost even lower than that of the number of goals scored in some cases. The quality of approximation of games lost and goals scored taken together, as measured by the index γ also presents large variation, with values of 0.18 and 0.32 when the exact numbers of points in the official classification are confronted, respectively, to exact and granulated values of the condition attributes and of 0.86 when the decision partition in 7 classes is confronted to the condition attributes in the exact as well as in the granulated form. For the case of 11 decision classes, the values of γ are 0.59 and 0.32, respectively, for exact and granulated values of the condition attributes. Table 4 presents the values of ρ for the composed sets of condition attributes. Three different definitions of joint dominance were applied: unanimity, majority and complementarity. In this last case, only the order determined by the quality of approximation of the condition attribute isolated was considered: priority for number of games lost, followed by the number of goals scored and, in the last priority, the result of direct confrontation. Different columns for unanimity and majority are presented only for the case of all conditions attributes since these different definitions lead to the same result in the case of two attributes. Table 4 confirms the information in Table 3 about the limited influence of the granulation on the index ρ and about the order on the quality of approximation, higher for games lost and lower for the result of direct confrontations. Besides, it shows that the majority rule for joint dominance results in better approximations than the unanimity rule and that the best results are obtained as secondary attributes enter only to complement the priority attributes in the case of a tie.
Classification and Decision Rules
Finally, classification rules are derived. In this section are presented, as an example, the classifications for the case of the decision classes directly determined by the exact number of points attained, i. e., the case of 17 classes. The other cases present similar results.
If the attributes are not ranked, the lower classes coincide with the unitary classes in the case of the clubs in the two first positions. All other inner approximations result in empty classes. Analogously, two upper classes coincide with the unitary classes in these same cases and, for the other decision classes, there is only one upper class, formed by all the remaining clubs.
Under the hypothesis of identical strengths, the distribution of the sum of points would be approximately normal, in such a way that the rarefaction of the tails of the distribution would allow for the separation of small classes at both ends, not only among the best classified. The asymmetry detected may be revealing an aspect of the sports culture. The clubs aim the title of champion in such a way that distinctions between clubs better qualified to reach that title may be observed and the other clubs are indiscernible.
If It is interesting to notice that the need to keep together the objects of the decision classes in the upper classes generate some large classes, but no division of upper classes due to the presence of an intransitive relation among the condition attributes is observed.
In terms of decision rules based only on the condition attributes, the classes above referred may be determined as:
Conclusion
A variant of rough sets analysis based on comparing the links produced by decision and condition attributes between pairs of objects was here employed. It has been used to evaluate forms to reduce the set of condition attributes and to rank the attributes.
This ranking ability was explored in a strategy to combine preference criteria into global dominance relations that avoids intransitivity cycles. This approach was successfully applied to create alternative classifications for clubs in a championship.
The evaluation of the approximation in terms of relations between pairs of objects encompasses the cases where instead of equivalence or order relations determining partitions in the universe of objects we deal with intransitive relations. This occurs in the championship situation studied. One attribute found significant was the result of the direct confrontation between the clubs.
It was finally shown how a description of the rough decision classes in terms of decision rules based on the condition attributes can be derived from this new kind of approximation evaluation. A feature of this approach is the ability to identify inner classes inside the decision classes. The distinct inner classes that it allows to determine in the clubs classification were clearly described in terms of only the values of the condition attributes. Similar results were obtained for involving classes.
This approach may be extended to more general classifications. For instance, racing cars championships or the ATP ranking of players participating in different tournaments. By treating missing matches as incomparable pairs, the quality of approximation evaluation procedures here developed may be adapted to such cases.
A more general extension to be considered is that of the index of quality of approximation here proposed. Without weights to combine the variables and employing only the sign of the differences, it will be more robust than canonical correlation coefficients in applications involving observations subject to mixture of heavy tailed disturbances.
